Abstract. In this work, quadratic reside codes over the ring F 2 + uF 2 + u 2 F 2 with u 3 = u are considered. A duality and distance preserving Gray map from F 2 + uF 2 + u 2 F 2 to F 3 2 is defined. By using quadratic double circulant, quadratic bordered double circulant constructions and their extensions selfdual codes of different lengths are obtained. As Gray images of these codes and their extensions, a substantial number of new extremal self-dual binary codes are found. More precisely, thirty two new extremal binary self-dual codes of length 68, 363 Type I codes of parameters [72, 36, 12], a Type II [72, 36, 12] code and a Type II [96, 48, 16] code with new weight enumerators are obtained through these constructions. The results are tabulated.
Introduction
Quadratic residue codes are a special family of BCH codes, which is a special subfamily of cyclic codes. They were first introduced by Andrew Gleason and since then have generated a lot of interest. This is due to the fact that they enjoy good properties and they are source of good codes such as binary quadratic residue codes. While being studied over finite fields in the early works, recently quadratic residue codes have been studied over some special rings.
First, Pless and Qian studied quaternary quadratic residue codes (over the ring Z 4 ) and some of their properties in [14] . In 2000, Chiu et al. extended the ideas in [14] to the ring Z 8 in [2] . Taeri considered quadratic residue codes over the ring Z 9 in [16] . Most recently, the authors studied quadratic residue codes over the ring F p + vF p and their images in [13] .
Another interesting and oft-studied class of codes is the class of self-dual codes. Self-dual codes have connections to many fields of research such as lattices, designs and invariant theory. The study of extremal self-dual codes has generated a lot of interest among coding theorists. There are many different constructions for them. We can direct the reader to see [1, 3, 4, 5, 7, 9] and the references therein for a complete literature on self-dual codes.
The connection between quadratic residue codes and self-dual codes was first explored quite effectively by Pless in seventies in constructing the extremal doublyeven self dual code of parameters [48, 24, 12] . This code is still known as the extended quadratic residue code. Gaborit used a quadratic residue double circulant construction for self-dual codes in [8] . In [13] , the authors explored this connection using quadratic residue codes over the ring F p + vF p and constructed a number of good self-dual codes over different fields.
Our goal in this work is to construct quadratic residue codes over a newly defined ring R = F 2 + uF 2 + u 2 F 2 with u 3 = u and to explore new constructions for binary self-dual codes. A duality and weight-preserving Gray map from the ring to the binary field allows us to construct many good binary self-dual codes as Gray images of self-dual codes over R.
The rest of the paper is organized as follows. In Section 2, the structure of the ring as well as some preliminaries about self-dual codes are given. Quadratic residue codes and extended quadratic residue codes are defined and investigated in Section 3. Some extremal binary self dual codes are obtained as Gray [68, 34, 12] are obtained via the Gray images of R-extensions. Section 6 concludes the paper.
Preliminaries

2.1.
The structure of the ring F 2 + uF 2 + u 2 F 2 with u 3 = u. Throughout, we let R denote the commutative ring F 2 + uF 2 + u 2 F 2 , constructed via u 3 = u. R is a characteristic 2 ring of size 8. It is a non-local, non-chain principal ideal ring with the following non-trivial ideals;
The units in R are given by 1, 1 + u + u 2 and the square of a unit is 1. The non-units are given by 0, u, u 2 , u + u 2 , 1 + u, 1 + u 2 and splitted into three groups with respect to their squares as
The ring has primitive idempotents in u 2 and 1+u 2 . Note that the ring is isomorphic to F 2 ×(F 2 + uF 2 ) if we label u+u 2 as u. Every element of R can be written uniquely in the form 1 + u 2 a + u
where a, b and c ∈ F 2 . We introduce the character χ from the additive group of R to nonzero complex numbers as χ a + bu + cu 2 = (−1) c . It is clear that χ(α + β) = χ(α).χ(β) for all α, β ∈ R. ker(χ) = {0, 1, u, 1 + u}, which does not contain any non-trivial ideals of R. Thus by [18] , we see that χ is a generating character of the ring. Since it has a generating character, it is a Frobenius ring. In particular this means we have the following lemma: Lemma 2.1. Let C be a linear code over R of length n. Then |C|·|C ⊥ | = |R| n = 8 n .
Linear codes over R.
A linear code C of length n over R is an R-submodule of R n . An element of the code C is called a codeword of C. A generator matrix of C is a matrix whose rows generate C. The Hamming weight of a codeword is the number of non-zero components.
Let x = (x 1 , x 2 , . . . , x n ) and y = (y 1 , y 2 , . . . , y n ) be two elements of R n . The Euclidean inner product is given as x, y E = x i y i . The dual code of C with respect to the Euclidean inner product is denoted by C ⊥ and defined as
We say that C is self-dual if C = C ⊥ . Two linear codes are said to be permutation equivalent if one can be obtained from the other by a permutation of coordinates. A code is said to be iso-dual if it is permutation equivalent to its dual code.
In the sequel we let
The extended code of a code C over R will be denoted by C, which is the code obtained by adding a specific column to the generator matrix of C.
Let p be an odd prime such that p ≡ ±1 (mod 8) and let Q p and N p be the sets of quadratic residues and non-residues modulo p, respectively. We use the notations e 1 (x) = i∈Qp x i , e 2 (x) = i∈Np x i and h denotes the polynomial corresponding to the all one vector of length p, i.e. h = 1 + e 1 + e 2 . Let a ∈ F * p , the map µ a : F p → F p is defined by µ a (i) = ai (mod p) and it acts on polynomials as
It is easily observed that µ a (f g) = µ a (f ) µ a (g) for polynomials f and g in R p . Let S be a commutative ring with identity, then; It is well-known that cyclic codes over R correspond to ideals in R n = R[x]/(x n − 1). Thus it is essential to understand the structure of the ring R n . We observe that every element in R n can be written uniquely in the form 1
where f, g and h ∈ F 2 [x] / (x n − 1). An important tool in studying the ring R n is to consider the idempotents. We first show that the idempotents in R n are characterized as follows:
is an idempotent in R n if and only if f and g are idempotents in F 2 [x] / (x n − 1) and h is the zero polynomial.
be an idempotent in R n then,
We define the following linear Gray map which takes a linear code over R of length n to a binary linear code of length 3n. Proof. We first show that the Gray images of orthogonal vectors in R are orthogonal in F 2 . Let a+bu+cu 2 and d+eu+f u 2 where a, b, c, d, e and f ∈ F n 2 be two codewords of length n over R such that they are orthogonal. Then
and so we get
This implies
Now, consider the inner product of the Gray images;
by (2.1). This shows that
But since ϕ is an injective isometry, we have |ϕ(C)| = |C|. Both F 2 and R are Frobenius, so we have
Combining this with (2.2), we conclude that ϕ(C ⊥ ) = ϕ(C) ⊥ . In particular this implies that the Gray images of self-dual codes over R are self-dual binary codes.
A self-dual code over R is said to be of Type II if the Lee weights of all codewords are divisible by 4, otherwise it is said to be of Type I. The following corollary is an important consequence of Proposition 2.6 and the definition of the Gray map: For binary self-dual codes we have the following upper bounds on the minimum distances: 
and
n 24 ⌋ + 6 if n ≡ 22 (mod 24). Self-dual codes meeting these bounds are called extremal.
Quadratic Residue Codes over R
In this section, quadratic residue codes over the ring R are defined in terms of their idempotent generators. Extended and subtracted QR codes are also defined. These codes and their Gray images are investigated. Codes with good parameters are given as examples. In particular, the Gray image of the extended quadratic residue code for p = 31 turned out to be a type II [96, 48, 16] code, with a weight enumerator that was not known to exist before. Definition 3.1. Let p be a prime such that 2 is a quadratic residue modulo p. Set 
The proof is an R-analogue of the proof of Theorem 3.2 in [13] . We give the proof for the sake of completeness. Let n ∈ N p then µ n a = b and µ n a ′ = b
so Q 1 and Q 2 are equivalent. Similarly,
and Q 1 +Q 2 is generated by 1 + u 2 a+u 2 b+ 1 + u 2 b+u 2 a−ab = a+b−ab = 1. c) From above it follows that
It follows that Q
We define the extended QR codes over R as follows; Definition 3.3. For i = 1, 2 let Q i be the code generated by the matrix
where G and since −1 ∈ N p , e 1 x −1 = e 2 and e 2 x −1 = e 1 . So we have
⊥ . It is easily observed that for i = 1, 2 the rows of the matrix in (3.1) are orthogonal to each other. Hence, Q 1 and Q 2 are self-dual codes. 
Since the corresponding codes are equivalent, from now on we will use the notations QR ′ (p) , QR (p) and QR (p) for Q ′ 1 , Q 1 and Q 1 respectively. By theorems 3.4, 3.6 and proposition 2.6 we have the following result;
Corollary 3.7. QR (p) and its Gray image are self-dual codes when p ≡ −1 (mod 8) and isodual codes when p ≡ 1 (mod 8) .
For the case p ≡ −1 (mod 8), we define the subtracted codes which are Type I codes as follows; Definition 3.8. The codes denoted by SQR (p) and BSQR (p) are called subtracted and binary subtracted quadratic residue codes, respectively and are defined as follows:
Example 3.9. For p = 7 the odd-like quadratic residue code QR ′ has idempotent generator 1 + u 2 (1 + e 2 ) + u 2 (1 + e 1 ) = 1 + u 2 e 1 + 1 + u 2 e 2 and the code is self-orthogonal. So, QR (7) is the code generated by the matrix 
Quadratic double circulant (QDC) and bordered QDC codes
Quadratic double circulant codes are introduced in [8] . It is observed that QDC codes is an important family of codes. In this section, we define QDC codes over R and obtain some families of self-dual codes. Some extremal binary codes are obtained as Gray images of these codes. A Type II [72, 36, 12] 2 code with a new weight enumerator is obtained as the image of a bordered QDC code for p = 11.
Let S be a commutative ring with identity, r, s, t be elements of S, v be the vector of length p over S and we label the i-th column by i − 1 ∈ F p and define i-th entry of v as r if i = 1, s if i − 1 is a quadratic residue in F p and t otherwise. Let Q p (r, s, t) be the p × p circulant matrix with the first row v. Theorem 3.1 in [8] can be restated for the special case where q = p a prime and char (S) = 2 as follows; 
In order to define quadratic double circulant and bordered quadratic double circulant codes over R we introduce the following matrices;
The code generated by C p (r, s, t) over R is called quadratic double circulant code and is denoted by C p (r, s, t). In a similar way, the code generated by B p (r, s, t, λ, β, γ) over R is called bordered quadratic double circulant code and is denoted by B p (r, s, t, λ, β, γ). Proof. If p ≡ 8k + 3 then by theorem 4.1
Below, we list some good examples of this type: Table 3 : Some self-dual double circulant codes
The code over R binary Gray image Similar to the cases above, we may observe that B p (r, s, t, λ, 1, 1) is a self dual code if Q p (r, s, t) Q p (r, s, t) T = Q p (0, 1, 1) and the sum of the elements in a row of the circulant matrix is λ which satisfies λ 2 = 0. Some examples falling into this family are given below: The Gray image of the code B 11 u 2 , 1, 1 + u 2 , 0, 1, 1 is the first [72, 36, 12] 2 Type II code with a weight enumerator that has α = −1356 in W 72 , the binary generator matrix is available online in [12] . A code with α = −3600 and |Aut| = 72 is constucted in [9] , the code we constructed with the same weight enumerator as the Gray image of B 11 1, u 2 , 1 + u 2 , 0, 1, 1 has an automorphism group of size 7920 which implies it is a new code.
Extensions
Some extension methods for self-dual codes are given and applied to some of the codes in the previous section. In particular, we obtain 32 new extremal self-dual binary codes of length 68, 363 new Type I [72, 36, 12] 2 codes, codes with these weight enumerators were not known to exist previously.
In the sequel, let S be a commutative ring of characteristic 2 with identity. 
generates a self-dual code D over S of length n + 2.
A quick search for the possible R-extensions of the codes C 11 0, u 2 , 1 + u 2 and C 11 u + u 2 , 1 + u, u gave 16 new [72, 36, 12] 2 codes with known weight enumerators. In order to save space we do not list the corresponding α-value, X and c which are all available online in [12] .
A more specific extension method which can easily be applied to some double circulant codes may be given as follows: 
, where y i = x i + 1, c is a unit with c 2 = 1, X, X = 1 + nv −2 and X = (x 1 , . . . , x n ), generates a self-dual code C * over S. with X = u 2 , 0, u 2 , 0, u 2 , u 2 , 0, 0, u + u 2 , u, u and c = 1, the Gray image of the extension is a code with weight enumerator γ = 0 and β = 335 in W 72,2 .
In a similar way codes with γ = 0 and β = 209, 263, 309, 317 are obtained from extensions of codes C 11 u + u 2 , 1 + u, u and C 11 0, u 2 , 1 + u 2 , details are available in [12] .
By considering the possible extensions of BSQR (23) with respect to Theorem 5.1 we obtain 134 self-dual codes of length 72 with new weight enumerators in W 72, 1 . To be precise, the codes with γ = 0 and β =523,...,575,577, 579, 580, γ = 1 and β =525, 526, 527, 532, 533, 534, 539,...,577, 579, 580, 581, γ = 2 and β =527, 538, 542, 549, 552, 555, 560, 562, 564, 565, 566, 568,. . . , 573, 575, 576, 580, 584, 585, γ = 3 and β =548, 552, 558, 562, 568, 581, 582 and a code with γ = 4 and β = 581. The codes are available in [12] .
The extension in Theorem 5.2 is applied to C 11 0, u 2 , 1 + u 2 with X and c, the Gray images of these codes are self-dual codes of length 72. Among them we single out Type I codes with minimum distance 12 and obtain 61 different codes with weight enumerators in W 72,1 , here we list some of them; [17] . Most recently, 28 new codes including the first examples with γ = 4 and γ = 6 in W 68,2 are obtained in [11] . For the list of codes with γ = 4 and γ = 6 in W 68,2 we refer to [11] . Together with the ones in [11] [17] .
In the following we apply the extension method in Theorem 5.1 to the binary images of the QDC codes C 11 0, u 2 , 1 + u 2 and C 11 u + u 2 , 1 + u, u and obtain 32 new extremal self dual codes in W 68,2 , codes with these weight enumerators were not known to exist previously. In the following tables, C i is the binary code generated by
and ϕ C 11 u + u 2 , 1 + u, u respectively for tables 7 and 8. In order to save space the necessary vectors for extensions are given in hexadecimal form, the binary vectors are available online in [12] . In addition to these codes we were able to find codes in W 68,2 with automorphism group or order 2 with γ = 0 and β =66, 113, 117, 119, 121, 123, 125, 126, 127, 128, 129, 133, 134 and codes which have automorphism group of order 4 with γ = 0, β = 128 and γ = 1, β = 146 . We do not list these 15 codes here, they are available online at [12] .
Conclusion
Quadratic residue codes have been of interest to the coding theory community because of their algebraic structures and their potential to construct good codes. As illustrated by their role in constructing the extremal [48, 24, 12] Type II code, they can also be of help in constructing self-dual codes. We considered quadratic residue codes over a specific Frobenius ring that is endowed with a duality and distance preserving Gray map. Using different constructions for self-dual codes over R we were able to obtain many new extremal binary self-dual codes as Gray images. Because of the automorphisms resulting from the ring structure as well as the quadratic residue structure, our constructions have high potential to fill the gaps in the literature on self-dual codes.
As a possible line of research, different rings can be considered for similar constructions.
